We calculate the quantum state of the plasmon field excited by an ensemble of molecular emitters, which are driven by exchange of electrons with metallic nano-particle electrodes. Assuming identical emitters that are coupled collectively to the plasmon mode but are otherwise subject to independent relaxation channels, we show that symmetry constraints on the total system density matrix imply a drastic reduction in the numerical complexity. For N m three-level molecules we may thus represent the density matrix by a number of terms scaling as (N m + 8)!/(8!N m !) instead of 9 N m , and this allows exact simulations of up to N m = 10 molecules. Our simulations demonstrate that many emitters compensate strong plasmon damping and lead to the population of high plasmon number states and a narrowed linewidth of the plasmon field. For large N m , our exact results are reproduced by an approximate approach based on the plasmon reduced density matrix. With this approach, we have extended the simulations to more than 50 molecules and shown that the plasmon number state population follows a Poisson-like distribution. An alternative approach based on nonlinear rate equations for the molecular state populations and the mean plasmon number also reproduce the main lasing characteristics of the system.
We calculate the quantum state of the plasmon field excited by an ensemble of molecular emitters, which are driven by exchange of electrons with metallic nano-particle electrodes. Assuming identical emitters that are coupled collectively to the plasmon mode but are otherwise subject to independent relaxation channels, we show that symmetry constraints on the total system density matrix imply a drastic reduction in the numerical complexity. For N m three-level molecules we may thus represent the density matrix by a number of terms scaling as (N m + 8)!/(8!N m !) instead of 9 N m , and this allows exact simulations of up to N m = 10 molecules. Our simulations demonstrate that many emitters compensate strong plasmon damping and lead to the population of high plasmon number states and a narrowed linewidth of the plasmon field. For large N m , our exact results are reproduced by an approximate approach based on the plasmon reduced density matrix. With this approach, we have extended the simulations to more than 50 molecules and shown that the plasmon number state population follows a Poisson-like distribution. An alternative approach based on nonlinear rate equations for the molecular state populations and the mean plasmon number also reproduce the main lasing characteristics of the system. 
I. INTRODUCTION
Hybrid systems of metal nano-particles (MNP) and molecular quantum emitters have attracted increased attention in the last two decades [1, 2] . In particular, nonlinear effects, related to the quantum nature of (surface) plasmons, i.e. collective oscillation of conductance band electrons in the MNP offer interesting lasing effects in the so-called plasmonic nano-laser [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Rather than the radiation mode in a normal laser cavity, the plasmonic nano-laser utilizes a confined plasmon oscillation. Since the size of the nano-laser can be much smaller than the wavelength of the light generated by the plasmon, the optical diffraction limit restricting the size of conventional laser does not apply for the plasmonic nano-laser [15] .
The rapid damping of plasmon excitations impedes the achievement of plasmonic lasing [16] unless many quantum emitters concertedly transfer their energy to the MNP. These quantum emitters should, in turn be excited, e.g., by optical pumping [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] or by electrical injection [13, 14] . In Ref. [17] , we proposed several approaches to describe the optically pumped plasmonic nano-laser, noting that the analyses can be readily extended to the electrically pumped nano-laser [18] .
To compensate the plasmon damping and to realize strong plasmon excitation, we can either increase the excitation strength or the number of quantum emitters. The increased strength raises the excited state probability of the emitters, which enables them to transfer energy more efficiently to the MNP. However, it may be hard to realize in experiments with a single emitter. If we turn to many quantum emitters, their mutual coupling can lead to the formation of exciton states, which may have different transition energies compared to that * yzhang@phys.au.dk † moelmer@phys.au.dk ‡ may@physik.hu-berlin.de of the isolated quantum emitters, i.e. inhomogeneous broadening [19] . As a result, the energy transfer from the quantum emitters to the MNP plasmon becomes inefficient, and the coupling to other plasmon modes may occur, which further complicates the situation [16] .
In this work we aim to prove the principle of plasmonic lasing with an idealized system, where many identical and noninteracting quantum emitters couple with one plasmon mode. This ideal system has been studied with non-linear rate equations [15, [20] [21] [22] [23] [24] , with a Fokker-Planck equation [25] as well as with a reduced density matrix equation (RDM) [17, 26] . In most studies, the quantum emitters are treated as two-level systems incoherently driven by an effective pump. Although this effective description can capture the main physics of the systems, it is unable to describe the real experiments. For example, the optical pumping utilized in Ref. [3] [4] [5] 9 ] relies on two processes: a laser excitation of the quantum emitters to a higher excited state and a subsequent decay to a lower excited state. The electrical injection applied in Ref. [13, 14] also requires the participation of intermediate electron states.
To go beyond the effective description, the theories developed so-far should be extended and the quantum emitters should be treated as multi-levels systems. Fortunately, the theory presented in [17] can be easily extended to three-level systems. Such an extension will be elaborated in the present article. In particular, the numerical exact method to solve RDM equations, which was initially proposed by M. Richter and A. Knorr in [26] for many identical two-levels systems coupled to a cavity or plasmon mode, can be easily extended to the case of many identical multi-levels systems. This method actually provides another way to solve the dissipative Cavity-QED problem without using Dicke states [29] and therefore can be utilized to study many related problems, for example, sub-radiance and super-radiance [32] , lasing [30, 31] , and collective behavior of spin-ensembles [33] [34] [35] .
In the present article, we apply the extended theory to an electrically pumped molecular junction, cf. Fig.1(a) , and demonstrate that a laser with electrically pumped dye arXiv:1603.09140v2 [physics.optics] 31 Mar 2016 molecules is theoretially possible. Our study may also contribute to the exploration of plasmon lasers with an electrically pumped organic semiconductor layer, cf. Fig.1(b) . More processes are involved, for example interlayer electron-transfer, exciton formation etc., and the modeling of such a structure is beyond the scope of the present article. If realized, however, this kind of laser may replace the relative expensive semiconductor laser and may thus have strong impact on the industry [27, 28] .
The article is organized as follows. In Sec. II, we introduce the model of the junction system. In Sec. III, we present a general RDM approach to solve the system dynamics, the electric current signal and the optical emission spectrum. This approach was previously used to simulate junctions with up to 5 molecules in [18] . In Sec. IV, we develop an approach for junctions with identical molecules, which all couple coherently to the plasmon mode but decay and decohere independently. The symmetry of the RDM is explored to drastically reduce the computational effort, and simulations are carried out for junctions with up to 10 molecules. In Sec. V, we eliminate the molecular degrees of freedom and introduce and solve an approximate master equation for the plasmon RDM, which readily applies for junctions with up to 50 molecules. In Sec. VI, we eliminate instead the plasmon state and obtain non-linear equations for the molecular RDM. This approach allows calculation of the mean plasmon number which we compare with the results obtained by the other methods. The paper ends with several concluding remarks and an outlook in Sec. VII.
II. MOLECULAR JUNCTION MODEL
The molecular junction, formed by many molecules suspended between two metallic leads, is shown in Fig.1 (a) . The left lead with a spherical form can support plasmon excitations, and we assume that one of its plasmon modes is resonant with a molecular transition. The right cavity-shaped lead may also support plasmon excitations, which, we assume, are far off-resonance with the left lead plasmon and the molecules. The molecules are placed between the two leads and are well separated from each other so that their excitonic coupling can be ignored. We assume that their transition dipole moments are tangential to the surface of the left lead and that they couple resonantly with same strength to one single plasmon mode. Similar assumptions may be valid for layer configurations, cf. Fig.1 (b) .
The theoretical description of the junction follows Ref. [18] . The molecular Hamiltonian reads
∑ a n E na |a n a n | .
Here, N m is the number of molecules, and a n denotes the electronic state of the n th molecule. The set of relevant states includes the ground state a n = g n and the excited state a n = e n of the neutral molecule, as well as the negatively charged molecular (ground) state a n = f n , cf. Fig.1 The dipole plasmons of the left spherical lead can be modeled as three degenerate quantum harmonic oscillators [44] with the Hamiltonian
Here, C + I and C I are creation and annihilation operator of the plasmon excitations with excitation energyhω pl (the groundstate energy is defined to be zero). We choose the plasmon modes such that the plasmon dipole moments read d I = d pl e I , where e I are Cartesian unit vectors I = x, y, z. There is a further infinite set of multipole plasmon oscillators, which however are not resonant with the molecules and are hence omitted from our analysis, cf. the discussion in Ref. [17, 18] .
The plasmons get excited by a resonant energy exchange with the molecular emitters, which in turn are excited through an electron transfer between the leads and the molecules [36, 37] , cf. Fig.1 (c) . Note that this differs from the nonresonant plasmon excitation through direct, inelastic electron transfer between metallic leads [38] . We assume that the electron transfer is weak and that the coupling of the molecular states to the electron continuum states in the leads can be treated by a master equation approach, see below. The resonant energy exchange coupling is described by
Here, the coupling coefficient reads V nI = d mol d pl κ nI /R 3 n . R n denotes the distance between the center of the molecule n and that of the left lead, and n n is the related unit vector. The geometry factor takes the form κ nI = [e n e I ] − 3 [e n n n ] [n n e I ]. Although the coupling strength with higher plasmon modes may be larger than that with dipole plasmons, their corresponding energy transfer can be very weak if the molecules are off-resonant to them [17, 18] . This justifies the dipoledipole interaction used here.
III. GENERAL APPROACH BASED ON REDUCED DENSITY MATRIX
In this section, we apply the open quantum system approach to investigate the dynamics of the molecular junction. The combined system of molecules and plasmon modes is described by the Hamiltonian H S = H mol + H pl + H mol-pl . The lead electron reservoirs influence the junction dynamics through incoherent processes between the neutral (ground and excited state) molecule and the ground negatively charged molecular state. Considering the reservoir Hamiltonian H R and system-reservoir interaction H S-R specified in [39, 40] , we obtain a master equation for a density operatorρ (see below). We describe the system with a density matrix ρ α µ,β ν ≡ tr S {ρ |β ν α µ|}. The matrix is constructed in a complete basis formed by the product states
The index α abbreviates the set of molecular states {a 1 , ..., a N m }, and the index µ abbreviates the set of Fock state quantum numbers µ x , µ y , µ z . In our calculations, we include all the molecular states but truncate the plasmon multiple states at a maximum value.
A. Equation of Motion for Reduced Density Matrix
The equation of motion forρ [18] reads
where the system Hamiltonian H S was introduced in the previous section and the dissipative superoperator D is chosen according to the following Lindblad-form
The plasmon damping with a total rate γ pl is included by identifyingL u as C I and k u as γ pl . This rate is same for the three plasmon modes and includes both the interaction with radiation field and with electron-hole pair excitations inside the left lead. If the plasmon modes of the right lead are also relevant (not the case for the configuration in Fig.1 (c)), we can also include their damping here. Charging transitions into the charged molecular ground state may occur from both the ground and excited state of the neutral molecule. They are included in the treatment by choosingL u = | f n b n | and k u = k (n) b→ f with b n = g n , e n . The charging rates k (n) b→ f take the form
with the molecule-lead coupling function
multiplying the electron energy distribution f F in the lead X.
In the above expression, k and s denote the wave-vector and spin of the electrons in the lead X. The coefficient V nb f
Xks describes the amplitude of exchanging one electron between the lead X = L, R and the molecule n, accompanying a molecular transition between the neutral state |b n and the singly charged state | f n . The molecular charging is possible if the energy ε Xk of electrons in the leads coincides with the charging energy E (n) f a = E n f − E na , cf. Eq. (8) , which leads to the electron exchange scheme shown in Fig.1(c) . The Fermidistribution function f F in Eq. (7) ascertains that only the occupied electron states in the leads contribute to the molecular charging. The lead chemical potentials assume the values µ X=L = E F + |e|V /2 and µ X=R = E F − |e|V /2 (for the case of a symmetrically applied voltage). Here, E F is the chemical potential of the leads at zero-voltage bias, cf. the dashed line in Fig.1(c) .
Discharge of the molecules towards the leads is similarly included by Lindblad terms withL u = |b n f n | and k u = k
The discharging rate is obtained from Eq. (7) by replacing f F with 1 − f F (only the unoccupied electron states in the leads are available for the molecular charge transfer).
Radiative decay of the excited molecular states, which is caused by interaction with quantized radiation field, can be also readily included in the equation (6) . Since the molecular radiative decay rate is orders of magnitude weaker than the molecular charging and discharge rates [18] , we are justified to ignore it in the present work.
B. Current Formula
The steady state current through the molecular junction is defined as the number of electrons passing through the molecules per time. This current can in turn be determined from the rate of the processes exchanging electrons between the molecules and one of the leads (X):
where the charging and discharging rates, k
were already introduced in the previous section, and P ng , P ne and P n f are the populations of the neutral and the singly negatively charged molecular states |g n ,|e n , and | f n . The molecular populations are directly obtained from the solution of the master equation:
Here, the label α = {a 1 , ..., c n , ..., a N m } indicates the molecular product states, where the molecule n is in the electronic state |c n = |g n , |e n or | f n .
C. Emission Spectrum Formula
The master equation also gives access to the steady state power spectrum F (ω) of the emitted radiation. This quantity is evaluated as the Fourier transform of the two-time correlation function of the emitting dipoles, According to the quantum regression theorem [45] , the twotime correlation functions defined by the expectation values X + A (t)X B (0) ≡ tr S X + Aσ (B;t) can be calculated by propagating the operator (matrix)σ (B;t) ≡ U (t) X Bρss with the same time-evolution super-operator U (t) that propagates the density matrix according to Eq. (5). The initial value for σ (B;t) is the product of the steady-state reduced density matrixρ ss and the matrix expression forX B ,
Here, ρ (ss) α µ ,β ν is the reduced density matrix of the junction at steady-state.
The master equation solutions for ρ α µ,β ν and σ α µ,β ν (B,t) have been obtained for junctions with up to 5 molecules in [18] . There, it was demonstrated that with increasing number of molecules, higher plasmon excited stat es get populated and the emission becomes more narrowed. These results are similar to the lasing operation observed in experiments [3, 5, 13] . In fact, it is amplified spontaneous emission of plasmon rather than lasing since, on average, only about one quantum of plasmon is excited. To demonstrate lasing, we should 
consider junctions with more molecules. However, since the number 9 N m N pl + 1 2 of ρ α µ,β ν exponentially increases with N m (N pl indicates the highest excited plasmon state in the simulations), it is impossible to carry out the desired simulations.
In the following sections we develop exact and approximate approaches that mitigate the nine-fold increase in computational effort for each extra molecule included in the system.
D. Parameters of Simulations
Here we specify the system parameters used in our simulations, see Table I . The left lead forms a spherical shape with 20 nm diameter, and the dipole plasmons have an excitation energy ofhω pl = 2.6 eV, a transition dipole moment of d pl = 2925 D, and a damping ratehγ pl = 57 meV [39] . The molecules are positioned at the left lead surface at a distance of ∆x mol-MNP = 2.5 nm. The molecular excitation energy shall be in complete resonance with the dipole plasmons, i.e.,hω n = 2.6 eV. The molecular transition dipole moment is chosen as 16 D, which is in line with our previous study [18] .
To specify the molecular charging and discharging rate, we introduce the so-called relative charged energy as ∆E 10 = E n f − E ng − E F (assumed to be identical for all the molecules, E F is Fermi-energy at zero applied voltage bias) [37] . Here, we set it as ∆E 10 =hω n /2. The applied voltage is 3 V, at which the excited state of the neutral molecule is populated through electron transfer process [18] . The lead-and statedependent molecule-lead couplings are chosen ashΓ
Lg f = 1 meV. As shown in [18] , these values are optimal for the population inversion of the molecules and thus for the lead plasmon excitation. The thermal energy entering in the Fermi-distribution function is set as k B T = 5 meV (at low temperature).
IV. APPROACH FOR JUNCTIONS WITH IDENTICAL MOLECULES
Next, a theoretical treatment of a junction with identical molecules is developed. In this case, the symmetry reduces the number of independent elements in the density matrix ρ α µ,β ν because many matrix elements have identical values. The application of the symmetric effective parametrization to an ensemble of three-level system, as carried out here, gen- eralizes earlier work [17, 26] on the plasmonic nano-laser in which the emitters were modeled as two-level systems.
A. Symmetric Reduced Density Matrix
If all the molecules are identical, the original reduced density matrix (RDM) can be represented by a symmetric RDM according to the mapping ρ α µ,β ν ≡ tr S {ρ |α β |×|µ ν|} → ρ µ,ν n ≡ tr s {ρn × |µ ν|}. Here, the molecular transition operators |α β | are mapped to symmetric operatorsn, cf. Fig.2 . The value of the symmetric operators is defined as n = n gg , n ge , n g f , n eg , n ee , n e f , n f g , n f e , n f f with nine positive integers in the range [0, N m ], cf. Fig.2 (b) . In general, these integers can be written as n cd (c, d = g, e, f ) and can be determined by the following formula n cd = ∑ N m l=1 δ a l ,c δ b l ,d , cf. Fig.2 (c) for systems with seven identical molecules. It indicates the number of molecules, which are on the state |c in the product state |α and simultaneously on the state |d in the product state |β . Here, a l and b l are elements of the sets α and β , respectively. The above definition naturally leads to ∑ c,d n cd = N m . In fact, one symmetric RDM element represents a group of identical original RDM elements. Therefore, the treatment keeps all the information of systems without invoking any assumption. Because the above consideration is based on the product states rather than Dicke states, it can be readily applied for systems with multi-levels emitters [46] .
We shall refer to the number of elements as the number of the vector n. We consider N m molecules as indistinguishable (identical) balls and the nine components of n as nine distinguished boxes. Then, the number of n is equal to the number of possibilities to put these balls into the boxes. The latter is a well-known combinatorial problem, and the result is C k n ≡ n!/ [k! (n − k)!] with k + 1 boxes and n + k balls. Therefore, the number of n is C 8 N m +8 . For the special configuration shown in Fig.1 , only the plasmon mode I = z interacts with the molecules. Therefore, the indices µ, ν in ρ α µ,β ν and ρ µ,ν n are occupation numbers of the states |µ = µ z and |ν = ν z . Due to the strong plasmon damping, very high laying plasmon states are expected to be unpopulated. Therefore, we can truncate the plasmon states in the simulations. We use N pl to indicate the highest plasmon excited state considered. Consequently, the number of ρ µ,ν n is
Notice that the number of ρ α µ,β ν is
Obviously, the size of ρ µ,ν n is much smaller than that of ρ α µ,β ν .
The equation of motion for ρ µ,ν n is obtained by replacing ρ α µ,β ν in its equation with the corresponding ρ µ,ν n and noticing the definition of n cd . The final result is
(nae−1,nag+1)
Here,hω ab = E a − E b are energy differences of molecular states. The coupling coefficienthν mol-pl = V nI=z is identical for all the molecules, cf. Eq.(3).
f →b are molecular charging and discharge rate, respectively. If two components of n change, we indicate the vec-tors with these components, for example (n gg − 1, n ge + 1) ≡ n gg − 1, n ge + 1, n g f , n eg , n ee , n e f , n f g , n f e , n f f . We can calculate the population of the product states |α µ with the matrix elements ρ α µ,α µ . According to the mapping, these elements correspond to P µ (ngg,nee,nf f ) ≡ ρ µ,µ (ngg,0,0,0,nee,0,0,0,nf f ) . Here, n gg , n ee , n f f are the number of molecules, which are in ground, excited and singly negatively charged state in the molecular product states |α , respectively. The population of the states |α is given by P (ngg,nee,nf f ) = ∑ µ P µ (ngg,nee,nf f ) . To calculate the population of the plasmon state |µ , we should account for the fact that many ρ α µ,β ν are mapped to one ρ µ,ν n . Finally, we get
.
The current through the molecular junction can be calculated with the reformulated form of Eq. (9): I X = N m ∑ a=g,e k Xa→ f P a − k X f →a P f . The population P nb = P b is identical for all the molecules with the values,
P (ngg,nee,Nm−ngg−nee) , (15) and
The emission formula given by Eq. (11) can be simplified as follows. Firstly, we notice, cf. Table I and [17] , that the plasmon transition dipole moment d I is usually orders of magnitude larger than the molecular transition dipole moment d n and, hence, the contribution containing [d I d * I ] dominates the emission formula. Secondly, only the plasmon mode A = B = I = z contributes to the system emission (the index B = z will be dropped in the following). Finally, we get the following expression
The matrix σ µ,ν n satisfies the same set of coupled equations (13) as ρ µ,ν n , with however the initial condition σ µ,ν
µ+1,ν n (ss) given by the steady state density matrix.
B. Effect due to Increasing Number of Molecules: Up to 10 Molecules
Simulations of junctions with up to N m = 5 molecules were presented in [18] . Here, the equations (13) and (17) reduce the computing time and allow calculations up to N m = 10 molecules, where the number of matrix elements is reduced from around 3.5 × 10 11 of ρ α µ,β ν to around 4.3 × 10 6 of ρ µ,ν n .
The upper panel of Fig.3 shows the population of plasmon states. Generally speaking, the higher plasmon excited states are gradually populated when N m increases, which indicates the compensation of plasmon damping and an increased plasmon excitation. The fourth and fifth excited plasmon states are populated for N m > 5, which is in line with the prediction in [18] . The middle panel of Fig.3 shows the maximum and line-width of the related emission. The emission maximum increases from 0.1 for N m = 1 to 1.2 for N m = 10. The spectral line-width reduces from 25 meV for N m = 1 to 14 meV for N m = 10. The line narrowing can be explained by the Heisenberg's uncertainty principle [47] . Both of these observations we associate with the amplified spontaneous emission of the plasmon.
The lower panel of Fig.3 shows that the current through the junction (blue line) increases linearly with the number of molecules N m . It increases from 1.68 µA for N m = 1 to 23.54 µA for N m = 10. The remaining lines indicate the population of molecular states, which are identical for all the molecules. The population of the neutral excited state P e (red curve) decreases while the population of the neutral ground state P g (black curve) and the charged state P f (green curve) increase with increasing N m and thus with increasing current through the junction.
It is expected in [17, 26] that when the system achieves lasing, the population of plasmon number states follows a Poisson-like distribution. Even with N m = 10 emitters, we are only approaching the lasing threshold, and while P µ=1 P µ=0 , we do not yet see the characteristics of a Poisson distribution. Therefore, we can not claim the demonstration of lasing, but the calculations give reason to expect a Poissonlike distribution of plasmon state population for junctions with more molecules.
V. APPROXIMATE APPROACH BASED ON PLASMON REDUCED DENSITY MATRIX
In this section, an approximate approach motivated by the photon density matrix equation in the laser theory [42] is proposed for the molecular junction. A similar approach has been suggested in [17] to study the plasmonic nano-laser with a molecular optical pump. The idea is to derive an approximate equation for the plasmon mode by eliminating the molecular degrees of freedom. The computational effort by applying this approach is thus only limited by the highest excited plasmon state involved. Our derivation only assumes that all the molecules couple to one plasmon mode and although we will apply it to identical molecules it works also for junctions with different molecules. Lower panel: population of molecular states, red upper curve P e , black middle curve P g , and green lower curve P f ; blue curve (right ordinate axis), current through the junctions. Other parameters according to Table I .
A. Approximate Equation of Motion for Plasmon Reduced Density Matrix
The plasmon reduced density matrix is defined by the expectation value: ρ µν (t) ≡ tr S {ρ (t) |ν µ|}. The equation of motion for ρ µν can be obtained with Eq. (5):
Here,hv n is the coupling element between the plasmon and the molecule n and we have introduced ω µν = (µ − ν) ω pl . This equation depends on the expectation values of two operators: ρ (n) aµ,bν ≡ tr S {ρ (t) |b n a n | × |ν µ|}, which describe the correlations of one molecule with the lead plasmon. The equations of motion for these correlations can be again derived with Eq. (5), cf. Appendix A. As demonstrated there, these equations depend on the expectation values of three operators, which describe the correlations of two molecules with the plasmon. Because of the dissipation the latter correlations are small and thus can be ignored in our treatment to obtain closed equations for ρ µν (t), see Eq. (A24).
The diagonal matrix element ρ µ µ is the population P µ of the plasmon number state |µ . From Eq. (A24) we obtain,
The rates k µ due to the coupling with the molecules reduce the population of higher plasmon excited states and increase the population of lower ones. In Eq. (19), the rate p µ represents the molecule-induced excitation of the plasmon, which has opposite effect compared to k µ . After some algebra, the molecule-induced plasmon damping and excitation rates can be written as
where
µ µ . These quantities are defined in Eqs. (A15) ,(A16), (A17) and (A18), and do not depend on the plasmon quantum number µ. The plasmon state-dependent energy transfer rate is defined as
Here, we have introduced the abbreviations:
At steady-state, the time-derivative in Eq. (19) is zero, which leads to a linear algebric equation for P µ :
In the above equation, we get k 1 λ 1 + γ pl P 1 − p 0 P 0 = 0 by setting µ = 0 (notice k 0 = 0 and p −1 = 0). Applying Eq. (23) repeatedly, we can easily get the following recursion relation
which together with normalization ∑ µ P µ = 1 readily determines the population distribution of plasmon states. If the ratio r µ is larger than unity for µ < µ c and smaller than unity for µ > µ c , the plasmon state population will have a peak-like distribution around µ c . The current through the molecular junction can be evaluated with the following procedure (for more details, see Appendix B). According to Eq. (9) we should calculate the population of the molecular states P nc ≡ tr S {ρ |c n c n |} =
cµ,cµ to determine the current. Obviously, the population is related with the molecule-plasmon correlations ρ (n) cµ,cµ . These correlations have already been determined when we derive the approximate equation for the plasmon reduced density matrix ρ µν . It is shown that they can be connected with ρ µν and therefore the current can be determined by ρ µν . If the molecules are completely identical, the current becomes
The rates
X f →b (b = g, e) are the total charging and discharging rates while k Xb→ f = k
X f →b are the parts related to the specific lead X, cf. Eq. (7). The above formula indicates that the current can be split into two parts. The first part is contributed by the first three lines in Eq. (25) and is proportional to the number of molecules. This part does not depend on the plasmon excitation. The second part is contributed by the remaining two lines in Eq. (25) and is proportional to the mean number of excited plasmons N pl = ∑ µ µP µ .
B. Effect due to Increasing Number of Molecules: Up to 50 or more Molecules
We have verified the recursion relation, Eq. (24), (thus the approximate plasmon reduced density matrix) by using it to Table I. compute the plasmon state population for junctions with up to 10 molecules. The computation reproduces the exact numerical results, see the upper panel of Fig. 3 . Then, we utilize the recursion relation to compute the plasmon state population for junctions with up to 50 molecules, see the upper panel of Fig.4 . We see that the population distribution shifts to higher plasmon excited states when N m > 10. When N m increases from 20 to 50, the population distribution has a peak shape and the peak center is shifted from around µ = 3 to around µ = 10. In addition, the plasmon state populations approach the Poisson distribution, like the coherent state photon number distribution ascribed to the conventional laser.
We have also calculated the plasmon mean number N pl as well as the current through the junctions, cf. lower panel of Fig.3 . There is almost no excitation for the junction with a single molecule (N pl ≈ 0), while we obtain an average of nine plasmon quanta (N pl = 9) for the junction with N m = 50 molecules. The current increases linearly from about 1.6 µA Lg f and discharging ratehk
R f e for different values of the number of molecules N m . Other parameters are given in Table I. for the junction with single molecule to 140 µA for the junction with N m = 50 molecules (cf. red solid line). The equation (25) indicates that there are two contributions to the current. The terms explicitly depending on N m are the contribution of the junctions in the absence of the lead plasmon, cf. the red dotted curve, which is due to electron transfer processes. The terms explicitly depending on N pl are the enhanced current due to the coupling with the lead plasmons, cf. the red dashed curve. It means extra energy is put into the system through the electron transfer process, which is in the end utilized to compensate the plasmon damping.
C. Intensity Correlation Function of Emitted Photons
The emitted photons from the nano-laser shows intensity fluctuations, characterized by the second-order intensity correlation function, which for equal times g (2) (0) = a + a + aa / a + a 2 , is given by a similar expression involving the plasmon mode operators, g
The value thus follows directly from the steady state excitation number distribution calculated above. Photon bunching (g (2) (0) > 1), is equivalent to a super Poisson plasmon number distribution with Var(µ) > N pl = ∑ µ µP µ .
In Fig.5 , the g and discharging rates k
R f e . g (2) pl (0) is always larger than unity, implying that the emitted photons are bunched and the plasmon number distribution is super-Poisson. For a fixed charging rate k (n) g→ f , the bunching increases with increasing discharging rate k
f →e it approaches a constant with increasing charging rate k (n) g→ f for the junction with 10 molecules, while junctions with more than 20 molecules show a decrease towards g (2) pl (0) = 1 with increasing charging rate k (n) g→ f , reflecting the approach to Poisson statistics characteristic of lasing.
VI. APPROXIMATE APPROACH BASED ON NONLINEAR RATE EQUATIONS
In our previous study [18] we have derived rate equations for the molecular state population and plasmon mean number for a junction with a single molecule. Here, we extend these equations to junctions with many molecules.
Our starting point is the equations for the population of the molecular states P na ≡ tr S {ρ (t) |a n a n |} (more details see Appendix C). The equations for P ne and P ng depend on the molecule-plasmon correlations of the type |g n e n |C + ≡ tr S {ρ (t) |g n e n |C + }. These correlations decay much faster than the molecular state populations because of the plasmon dissipation, and thus we assume that they adiabatically follow the populations P na . Inserting the adiabatic solutions of the correlations back into the equations for P na , we get
Here, the energy transfer rates are defined as κ n = 2v 2 n γ n / ω pl − ω n 2 + γ 2 n with γ n = γ pl + k
g→ f /2. Notice the above equations depend on the plasmon mean number N pl ≡ C + C . The equation for N pl also depends on the molecule-plasmon correlations. With the adiabatic solution for the correlations, we can get the following equation
where κ n P ne , κ n N pl P ne and −κ n N pl P ng represent spontaneous and stimulated emission, as well as stimulated absorption of plasmon excitation by the molecules.
A. Comparison of the Plasmon Mean Number Calculated with Different Approaches
In Fig.6 , we compare the different approaches for the calculation of the plasmon mean number for junctions with different numbers of molecules. These approaches are based on the full reduced density matrix (RDM) equation (black stars), (26), (27) , (28) and (29) . Other parameters according to Table I. the population recursion relation (derived from the plasmon RDM, yellow circles) as well as the rate equations (blue solid line). The plasmon mean number increases almost linearly with increasing number of molecules. The green squares approach the black dots from above when the number of molecules in the junction increases and this proves the validity of the plasmon RDM in that limit. We have also compared the results of the plasmon RDM with the results of the rate equations for junctions with up to 50 molecules and found that the latter slightly underestimate the plasmon mean number (not shown). We explain this by the overestimation of the spontaneous energy transfer, cf. the discussion about Fig. 7 in [17] .
VII. CONCLUSIONS
We have extended the study [18] of the electroluminescence of a molecular junction excited through an energy exchange coupling with electron-transfer induced excited molecules to the junctions with many molecules. In the present article, we simplified the full system master equation by utilizing symmetries of the density matrix for identical molecules. We carried out exact simulations for junctions with up to 10 molecules. With increasing number of molecules, higher excited states of the lead plasmon are populated, accompanied by a narrowing of the emission, indicating the amplified emission of the plasmon.
Our analysis did not incorporate the coherence induced by the excitonic and charge transfer coupling among the molecules. The excitonic coupling between molecules can in principle be introduced in the system Hamiltonian, while the charge transfer coupling may be treated as incoherent terms in the RDM equations. These couplings become important if the molecular ensemble is dense and constitute an intersting topic for further studies.
Approximate equations of motion for the plasmon degrees of freedom were derived, and for junctions in steady-state, a recursion relation was obtained for the plasmon state populations. The population distribution of the plasmon states is Poisson-like, and the intensity fluctuations of the emitted radiation are reduced for junctions with more than 20 molecules, which indicates the formation of a plasmon coherent state. Finally, non-linear rate equations were derived for the molecular state populations and the average plasmon excitation, which well account for the main features found by the other methods.
Thus validated, the symmetric approaches may also be applied to junctions with many different molecules and to junctions, where the molecules couple to several plasmon modes. Our analysis is carried out for a particular pumping mechanism involving electron transfer to excited molecular states, but the approaches outlined may find wider application for other systems with similar excitation mechanisms, for example, the optically pumped nano-laser [46] and the semiconductor-based plasmonic nano-laser [13, 14] . The current through the molecular junction is be calculated with the formula (9) . That formula depends on the populations of molecular levels P nb ≡ tr {ρ |b n b n |} = ∑ µ ρ 
where k 
where P a = P na and P f = P n f . From Eqs. (B1) and (B2), we can easily get
N m P e = −Ξγ pl N pl + N m k f →e k g→ f ΞΞ.
Using P f = 1 − P g − P e and inserting Eqs. (B4) and (B5) in Eq. (B3), we get the Eq. (25) in the main text.
